Introduction
Let (R n (x)) n∈N 0 be an orthogonal sequence inducing a polynomial hypergroup on N 0 . The basic facts on polynomial hypergroups and their characters can be found in the monograph [1] or in the papers [6, 7] . A recent review is [8] .
The Banach space of almost periodic functions on hypergroups is introduced and studied by the author in [5] . Weakly almost periodic functions are the topic of [12] .
It is the purpose to investigate almost periodic sequences corrresponding to a polynomial hypergroup on N 0 induced by (R n (x)) n∈N 0 .
The reader should notice that (weakly) almost periodic functions on hypergroups behave very differently to those on groups or semigroups. The most remarkable fact is, that in general the space of all (weakly) almost periodic functions fails to be an algebra, see [5, 12] . This lack makes the investigation of this class of sequences rather challenging. Even for the simplest case of the Chebyshev polynomials R n (x) = T n (x) = cos(nt), x = cos t, it seems to be unknown whether the space of all almost periodic sequences is an algebra and whether the linear span of the characters is dense (the characters are exactly the sequences (R n (z)) n∈N 0 where z is an element of a compact subset D ⊆ C). The investigation of almost periodic functions on groups started with the fundamental paper of von Neumann, see [8] .
In [5] we have shown that the existence of certain functionals ν α for each character α is important to do harmonic analysis on the space of almost periodic sequences. In the group case it is sufficient to construct only one functional, that one which corresponds to α = 1. It is based on averages of the type 1/(2n + 1) n k=−n a(k) for G = Z. For polynomial hypergroups we have to find similar converging averages for each z ∈ D.
Basic facts and α z -means
Let (R n ) n∈N 0 be an orthogonal polynomial sequence on the real line with respect to a probability measure π, that induces a polynomial hypergroup on N 0 . That means degree (R n ) = n, R n (1) = 1 and
with linearization g(n, m; k) being nonnegative. The hypergroup convolution is defined by
where k is the point measure of k ∈ N 0 . With the identity mapping as involution, i.e.ñ = n, and the discrete topology the natural numbers N 0 are a commutative hypergroup, called polynomial hypergroup, see [1] or [6] . The translation of any sequence β = (β(n)) n∈N is defined by
Writing h(n) = g(n, n; 0)
and a * (n) = a(n) as involution. The structure space of the commutative Banach algebra l 1 (h) (which has a unit 0 ) is homeomorphic to the following compact subset D ⊆ C :
i.e. each nontrivial homomorphism ϕ of l 1 (h) has exactly the form [6] . Notify that the Haar weights h(n)
(To be precise, one has to speak of almost periodicity with respect to (R n (x)) n∈N 0 . But we omit the reference to the orthogonal polynomial sequence, except we deal with a concrete example.) We denote this class of sequences by AP (N 0 ). Further we consider the
, the uniform closure of the linear span of the characters α z . From [5] we know that AP (N 0 ) is a translation invariant closed linear subspace of l ∞ , closed under conjugation and T (N 0 ) ⊆ AP (N 0 ). We want to find out which sequences of AP (N 0 ) are elements of T (N 0 ). The investigation of the point spectrum of a ∈ AP (N 0 ) is a major tool.
Following [5] we try to construct certain functionals ν αz on AP (N 0 ), which enjoy the property ν αz (L n a) = α z (n)ν αz (a) for all a ∈ AP (N 0 ) and ν αz (α z ) = 1. We have studied a similar problem for the larger space l ∞ = l ∞ (N 0 ) in [2] , which is related to Reiter's condition P 1 .
For each z ∈ D and N ∈ N 0 put
and let
Since |R n (z)| ≤ 1 for every z ∈ D, we have t N (z) ≤ 1, and lim sup For z ∈ D p and any a ∈ l ∞ consider the averages
Write
and select some sequence (N j ) j∈N of the natural numbers such that lim
z , and then choose a subsequence of (N j ) j∈N (which we denote again by (N j ) j∈N ), such that (A N j (a, z)) j∈N is convergent. This is obviously possible since a is bounded. Notify that (N j ) j∈N depends on z and a.
We select the subsequence that determines the limes inferior and define
We call these limits α z -means. ν αz is a bounded linear functional on l ∞ with
Most examples -studied here -enjoy the property that ν αz is even the limit of (A N (a, z)) N ∈N .
We say that (R n (x)) n∈N 0 satisfies property (H) if for every
. We show that all convergent subsequences of (t N (z)) N ∈N have the same limit a. Then it follows that (t N (z)) N ∈N converges towards a. In fact, if t N (z) a, there is some neighbourhood U of a and a subsequence (t N j (z)) j∈N with t N j (z) / ∈ U for all j ∈ N. Since 0 ≤ |t N j (z)| ≤ 1, (t N j (z)) j∈N has a convergent subsequence whose limit cannot be in U , contrary to the hypothesis that it is a. So we assume now that there are two subsequences (t N j (z)) j∈N and (t N k (z)) k∈N converging towards different values. Then there is some d > 0 and n 0 ∈ N such that
For all n, m ∈ N, n > m, we have, however,
Applying condition (H) we get a contradiction to inequality (5) . Using (2) we obtain the convergence of (A N (a, z)) n∈N with a proof just as for (t N (z)) N ∈N .
Whenever the set of Haar weights {h(n) : n ∈ N 0 } is bounded, condition (H) is obviously satisfied. The following statement provides a sufficient condition for property (H). The proof follows the lines of [4, Proposition 3] , and so we omit the calculations.
Proposition 2 Suppose that lim n→∞ g(1, n + 1; n) g(1, n; n + 1) = 1. Then condition (H) is true.
Subsequently we suppose that condition (H) is satisfied, and so we know that for z ∈ D p and a ∈ l ∞ we have
The Haar weights h(k) guarantee the following important equality
where n ∈ N and a and b are sequences such that both series converge, see e.g. [1] . Truncating the summation at N ∈ N leads in case of n = 1 to the following correcting terms.
Proof.
Hence we have by (7)
Theorem 1 Suppose that condition (H) is fulfilled. For every z ∈ D p the α z -means ν αz defined by (6) are bounded linear functionals on the Banach space l ∞ enjoying the properties
Proof. It remains to show (iii). For n = 1, by Lemma 1 and property (H), we obtain
For the translation operators we have
and hence by induction we get (iii).
We mention a result which we get en passant.
Since R 1 is a polynomial with real coefficients, z has to be real.
Remark: One might conjecture that condition (H) implies already that
Corollary 2 Assume that (H) is true. If x ∈ D p and y ∈ D, x = y, then ν αz (α y ) = 0.
Proof. We have
and hence ν αx (α y ) has to be zero.
Of course there is a close relationship between ν αz and ν α 1 . For z ∈ D p and a ∈ l ∞ we have -provided (H) is valid:
Using Lemma 1 once more we get for ν α 1 :
for all a, b ∈ l ∞ and n ∈ N 0 .
Proof. Lemma 1 and property (H) yield
Applying (9) the statement follows by induction.
3 Almost periodic sequences and α z -means
The α z -means, restricted to the almost periodic sequences, allow to prove the approximation theorem for certain polynomial hypergroups. Let (R n (x)) n∈N 0 have property (H), x ∈ D p , and let a ∈ AP (N 0 ). For > 0 let L n 1 a, ..., L nm a be a finite 3cx -net for the orbit O(a). By (2),
for all N ≥ N 0 and k ∈ {1, ..., m}.
For any n ∈ N 0 there is a k ∈ {1, ..., m} such that
for all N ≥ N 0 and all n ∈ N 0 . Thus we have the following result for almost periodic sequences.
Proposition 4 Assume that (R n (x)) n∈N 0 has property (H), and let
Given any a ∈ l ∞ denote by co (a) the convex span of {L n a : a ∈ N 0 }.
Corollary 3
Assume that (R n (x)) n∈N 0 has property (H), and let x ∈ D p . If a ∈ AP (N 0 ) then there is a sequence in co (a) which converges uniformly to a constant c, c = ν α 1 (a).
Proof. By Proposition 4 and
, we see that there exists a certain sequence extracted from co (a) converging towards ν α 1 (a).
The Banach space l ∞ (with sup-norm) is the dual space of the Banach * -algebra l 1 (h). If a ∈ l ∞ , denote by [a] * , respectively [a] ∞ , the closure in the σ(l ∞ , l 1 (h))-topology, respectively sup-norm topology of the linear span of {L n a : n ∈ N 0 }.
Proof. The proof follows the lines of [3] . Write
and denote B = [a] * . The annihilator B ⊥ := {f ∈ l 1 (h) : f, b = 0 for all b ∈ B} is a closed ideal in l 1 (h), because of the fact that B is translation-invariant. Since a is not zero, B ⊥ is a proper ideal in l 1 (h). Hence there is a maximal ideal I in l 1 (h) with B ⊥ ⊆ I. The maximal ideals in l 1 (h) have the form I αz := {f ∈ l 1 (h) : f, α z = 0} for z ∈ D. A well-known result of functional analysis states that
Proposition 5 says that [a] * ∩ {α z : z ∈ D} = ∅ if and only if a = 0. We have included Proposition 5 to demonstrate the analogy of the proof to that of Theorem 2 below. The situation here is far more complicated, since a Bohr compactification with a hypergroup structure is not available. We will apply Theorem 1 of [5] , where the structure space of the Banach * -algebra L(K a ) is determined. K a is a compact subset of B(AP (K)), which is only a partial substitute of a Bohr compactification of K.
A simple observation is the following:
Proof. Let λ 1 , ..., λ m ∈ C; n 1 , ..., n m ∈ N 0 such that
λ j R n j (z) ν αz (a)| < 1, and hence ν αz (a) has to be non-zero.
The main problem is to find out, whether there exists some z ∈ D p such that ν αz (a) = 0, whenever a ∈ AP (N 0 ), a = 0. * is a commutative Banach algebra with a convolution that is given in the following way. Given F ∈ A(N a 0 ) and
Again it can be shown, see [5] 
and so
Hence, sup
Theorem 2 Suppose that (H) is valid and assume
Proof. 
In particular, there is some
which is only possible if ν αz (a) = 0.
We will apply Theorem 2 to derive the following approximation result. 
From above we know that there exists a z ∈ D such that µ(α z ) = ν(α z ) = 0 and ν αz (b) = 0. That means α z ∈ N (b), and hence ν(α z ) has to be zero, a contradiction.
Examples
In this section we give examples of polynomial hypergroups, which have property (H) and fulfil D = D p . Moreover we present an example for which Theorem 3 can be applied.
Property (H) is satisfied for many polynomial hypergroups. The Jacobi polynomials R (α,β) n (x), α ≥ β > −1, α + β + 1 ≥ 0, which are orthogonal on [−1, 1] with respect to dπ (α,β) (x) = (1 − x) α (1 + x) β dx, induce a polynomial hypergroup structure on N 0 . For the Haar weights h (α,β) (n) we know h (α,β) (n) = O(n 2α+1 ), and so (H) is satisfied for all parameters α, β from above. The special case α = β = − 1 2 corresponds to Chebyshev polynomials T n (x) of first kind. The Haar weights for the Chebyshev polynomials of first kind are h(0) = 1, h(n) = 2 for n ∈ N. They are our example, for which the three assumptions of Theorem 3 are satisfied.
They are also a member of the class of Bernstein-Szegö polynomials R n (x; σ). 
(h 1 (k) are the Haar weights of the Chebyshev polynomials of the first kind.) This implies
A subclass of the Bernstein-Szegö polynomials are the so-called Grinspun polynomials. Here the polynomial σ(x) is of degree two. In [6] it is studied, when these polynomials R n (x) induce a polynomial hypergroup. Now we concentrate on the Chebyshev polynomials T n (x) of first kind.
Proposition 7
For the Chebyshev polynomials of first kind we have ν α 1 (|a| 2 ) = 0 for all a ∈ AP (N 0 ) with a(0) = 0.
Proof.

Notify that
N k=0
h(k) = 2N + 1. We can assume that a ∈ AP (N 0 ) is realvalued and that a(0) = 1. For each subset J ⊆ N 0 denote by J N = {n ∈ J : n ≤ N }, and #(J N ) the number of members of J N .
Since a ∈ AP (N 0 ) there are j 1 , ..., j m ∈ N 0 such that for each m ∈ N 0 there is some j k , k = 1, ..., m with L m a − L j k a ∞ < 1 16 .
Then there exists at least one index j k , k = 1, ..., m, such that J := {m ∈ N 0 : {L m a : m ∈ N 0 } ∩ U 1/16 (L j k a) = ∅} is infinite and moreover, there is C > 0 such that #(J N ) ≥ (N + 1) C.
Select one of these j k 's, and denote it by n 0 . In the corresponding index set J, we check now whether for all m ∈ J. Therefore I = 2J is an infinite index set with |a(k)| ≥ 3 4 for all k ∈ I and #(I N ) ≥ (2N + 1) C 1 for some constant C 1 > 0. In this case obviously we get ν α 1 (|a| 2 ) = lim ], and so β > 0. Now it is straightforward to select step by step m ∈ J such that we finally obtain an infinite subset I ⊆ J with the property |a(k)| ≥ β > 0 for all k ∈ I and #(I N ) ≥ (2N + 1) C 2 for some C 2 > 0.
Again we get then ν α 1 (|a| 2 ) > 0.
